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Learning Via Simultaneous Perturbation Method for High-dimensional Neural Network
* T. Yamada and Y. Maeda (Kansai University )

Abstract—Usually, the back-propagation learning rule is widely used also for high-dimensional neural
networks. In this paper, we propose a learning method for quaternion neural networks using the simultaneous
perturbation method. Learning process of the proposed method is simpler than the back-propagation.
Comparison between the back-propagation method and the proposed simultaneous perturbation learning rule is
made for some test problems. Simplicity of the proposed method results in faster learning speed.
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Fig.1 Quaternion Neural Network.
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‘ Initial setting for ¢, @, weights ‘

t=t+1
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‘ Generate sign vector
v

‘ Operate NN for each pattern without perturbation ‘
+

Evaluate J{w,}

‘ Operate NN for each pattern with perturbation ‘

Evaluate J(w, + cs,)

Update weights -

No J(w) < 0.001
es
END Yes

Fig.2 Flowchart.
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Table 1 Pattern of reversing problem.

Input Teaching signals
1 (0,0,0,0) (1,1,1,1)
2 (1,0,0,0) (0,1,1,1)
3 (0,1,0,0) (1,0,1,1)
4 (0,0,1,0) (1,1,0,1)
5 (0,0,0,1) (1,1,1,0)
6 (1,1,0,0) (0,0,1,1)
7 (0,1,1,0) (1,0,0,1)
8 (0,0,1,1) (1,1,0,0)
9 (1,0,1,0) (0,1,0,1)
10 (1,0,0,1) (0,1,1,0)
11 (0,1,0,1) (1,0,1,0)
12 (1,1,1,0) (0,0,0,1)
13 (1,1,0,1) (0,0,1,0)
14 (1,0,1,1) (0,1,0,0)
15 (0,1,1,1) (1,0,0,0)
16 (1,1,1,1) (0,0,0,0)
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Table 2 Reversing problem.

Simultaneous Back-propagation
perturbation propag
Perturcl:aatlon 0.00001 _
Modification
coefficient a 0.4 1.0
Convergence
rate (%) 85 100
Average
iteration for 743.55 354.64
convergence

Average for 100 times trials



Table 3 Reduction problem.

Simultaneous Back-propagation
perturbation propag
Perturbation ¢ 0.00001 —
Modification
coefficient o 0.3 0.8
Convergence
rate (%) 98 100
Average
iteration for 1142.86 540.38
convergence

Average for 100 times trials
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Fundamental Properties on Hypercomplex-valued Associative Memory

«Teijiro Isokawa, Haruhiko Nishimura, and Nobuyuki Matsui (University of Hyogo)

Abstract— Associative memories by Hopfield-type recurrent neural networks with quaternionic algebra,
called quaternionic Hopfield neural network, are introduced in this paper. The variables in the network
are represented by quaternions of four dimensional hypercomplex numbers. The neuron model, the energy
function, and the rules for embedding patterns into the network are presented.

Key Words: Quaternion, Hopfield neural network, Multistate, Hebbian rule, Projection rule
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Widely Linear Estimation for High-Dimensional Signals

«T. Nitta (National Institute of Advanced Industrial Science and Technology (AIST))

Abstract— In this paper, we formulate a Clifford-valued widely linear estimation framework. Clifford num-
ber is a hypercomplex number that generalizes real, complex numbers, quaternions, and higher dimensional
numbers. And also, as a first step, we will give a theoretical foundation for a quaternion-valued widely linear
estimation framework. The estimation error obtained with the quaternion-valued widely linear estimation
method is proven to be smaller than that obtained using the usual quaternion-valued linear estimation

method.

Key Words: Signal processing, Quaternion, Estimation
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Linear Mean Square Estimation, #8358 WLMSE) D
FANZEBT DREITRO L HICET 5.

j=h"x+ g (20)

LEBRSINEHER e C %25, 22T, ghe

CNohn, v S a—bilko=a+bi e COEFIE

ThdH. Zolx, MEOEMIL, HERZEE|ly—9)?
ERNCTH LT A—4 g he CN kDb
EThHD.

Picinbono 5%, #3% WLMSE OHEEH) 72 et % 5
zf=V. 5F Y, #FE WLMSE 2 L V551 2
T, BEOEFZILMSEICL VGO HEEEAELD
HINSNWZ EEFEI L. Ely—4g1> > Ely—9]*. 2
2T, FFIEIHSNI RS AT IE TR S,

3.2 ANRBLEHRBEEETIL

4 SUEURBERIGHEEE 7 I, 3.1 Hi Tk T
WLMSE €7 /O BERBILETHS. ye Q xEOfHE
ROV A THIEHRES, ©e QY 2BIMEEZ£D
T A GCENEHER T FvET D,

4 TCHERIEE) B e fEE (Quaternion-Valued Linear
Mean Square Estimation, 4 Jt3 LMSE) O#HH A
BT,

gL = hHma (21)
EVWIBOHEEmERDD. 22T, he @Y. Nk
BARE, H 34 o RmETH 2.

4 JCBUR R -2 B R HEE (Quaternion-Valued

Widely Linear Mean Square Estimation, 4 Jt#(
WLMSE) OFSHAITIRDO LB THD. £,
§=h"z+g"z*, (22)

nhHHEE§eQEELD. 22T, ggheQV, N
TEA, H 34 o REEEEDL, o a-
bi—cj—dkiZv=a+bi+cj+dke Q D4tk
Thb. Zorx, MEOBMX, Ely-9? 2&/Mb
THENRT A2 g heQN KDDL LETHD.

Took & Mandic ¥, 47t WLMSE (2323\WC, 4
JUHGHE IS 7 4 V2 —ICxET D YRR 4 JouR/ NEY A R
(augmented quaternion least mean squares, AQLMS)
T ALHEHL, =LY T Ty E—, E
HRETFH, F—F « 7—Va BT HarEa—
B al—a Al Lo TEDHIMEETE) DT D).
SDFY, ALV a—FFERIZL ST, 4358 WLMSE
DA H D 4 T LMSE (2R TEILTWA Z & 23D
DHNTE. L LARNRD, 458 WLMSE (2 L A HEE
FRZENEH D 4 T LMSE L0 HEN TV DS & DEFE
B2 REIE M E T Thh Ty, EEEOLE
WZIEZF D X 9 22 AYFEA 1T Picinbono 512 & - THE
AThbniz . oE b, #isE WLMSE (2 L B HEEiis
L, BEOEFTLMSE OHEERZEL Y /N2 &n
BRI FER & Tz
3.3 Y VUI+r—RFLEBHREHEEETIL

AT, BERINEBHEEET V& 4 uEURERR
EHEET VO~ TH D, 7V 74— RILEHRE
HEETNEERLT D,

y € Clyg 27 V) 74— FEMEMFEL, «ecCll,
7V 7 — FEHEERN MvEed b, 22T, NI
H M CTHS. Blllsnze hOHEOEy 2H#ETH 2
LxEZL. 7Y 74— R A RHEE (Clifford-
Valued Linear Mean Square Estimation, 7 V 7 % —
K LMSE) OFfIZIBWT, I

gr, = h''z, (23)



EWVWIBEOHEEERDD L THD. 22T, he
Clé\{q ThY, HiZZ7 IV 74— FHFEKEETHD.

—Ji, 7 U 74— FIRECEY) A sEH#E (Clifford-
Valued Widely Linear Mean Square Estimation, 7
U 74— K WLMSE) i%, 4 5t% WLMSE O B #X7e 4k
L LT, ROXIITEAETE S, HEM G 2RO
FKOWTERTS.

§=h'z+gfa", (24)

IIT, gheCl, ThHY, v iZveCly DV
TA— RHETHD. ZoLx, BEOENE, Ely—7)?
Eh/MET D & DT A =% g h e CIY ZXRDD
ZETHA.
4 4 FTH WLMSE O #I2RI R

AT, 33fiTERMLL=2 U 74— F WLMSE
OWEEHRDHE 1AL LT, 4508 WLMSE 3i#
FOATIMIMSE L0 b 0WWERE 72592 L 2%
PIAJIOR Y. FELRRREIKROLBY THD + 4 5
WLMSE % fii o 72 854 OHEERR 21T, HISNeG 6%
RN T, @ O 4 758 LMSE &1 - 72356 OfE i
XY b/hEW. ZofRESLDIC, Y L REED
FiEEZRWE. 72770, 4 BORBIIEAHRTHD
ZLEEEBTIMNENRD T ((FED 2,y € Q ITxFL
T, —MIZ, zyFyr THDH).
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def

LEFRTD. X134 BHERELNOROEETHY,
W Ch D, LT, W <zw>% Elzw*] IZ
£ 48 e v~ FERY = {z2(w) € Q} DIV
UL MRS ZERITTH D, ZoEE, HOEyeY, Bl
HiEe e QN, #HEMye X (R (22) ITHLT, &
OF: Wi A/VASI
(y—9) Iz, (26)
(y—9) I 2", (27)
2T, ullold, vOTXTOERNu LR <, - >
WL TERLTWSAZLEZEKT S (u e Q,v €
QM). X (26) LK (27) 1D, WOANRELNG.
Elzy*] = Elzy*], (28)
Efz*y"] = Ela"y"]. (29)
FoT, H(22), & (28), . (29) D, RDOAD LY
NEDT EWDD.
Nh+Cg = r, (30)
CHh 4+ Tag s* (31)

Il
w

def

Elzz®),Ty, = E[z*zT],C
def

- def

Elzz"],r ¥ Elzy*],s & Eyz] <h5. LT, &k
7

(T, —CPT'C) - (s* = CHTy 'r), (32)

(T —Ccry'cf)=1. (r —CT5's*). (33)

x 2 {20) = h"a(w) + "o (w) ‘ a.neQV}.(2s)

NELND.
L&, 4B WLMSE 2 X A#HETEEZE ey 13,
=X (22), & (30), K (31) 225,

def

S%VL = Ely- ?3|2

Ely* - (r"h +sTg) (34)

L7en. Fie, 4B LMSEIC X D HEERE E ey 1,
(21) M- T,
e € EBly- g
= Ely]* -rfr7r (35)

THHZENIND. ZDEE, 4755 WLMSE 2 &
HHEERAE L 4 T LMSE |12 X 2 HEEIRAE D7 562 13,
X (30), = (32), X (34), 2 (35) D,
5e2 Xt e2 — el r
= (s*=CcHry'nf . (1, —CcHry'o) !
(s* =CPT ')  (36)

LR END. Ty — CHITICIIIRABITAIE S, K
(36) IFHATH S, S612, R (36)1F, KOEKMED S
HOWTIUDER Y SEORFIZET 0 & 72 5.

s*—Ccfrytr = o, (37)
v =y (38)

X (37) ISR G A TH Y, X (38) ITEDHE y A
feFE1 THEINZZ E2ERT S (ZIUIEZICE
THRN) .
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Models of Recurrent Clifford Neural Networks and Their Dynamics

xY. Kuroe (Kyoto Institute of Technology)

Abstract— Recently, models of neural networks in the real domain have been extended into the high dimensional domain
such as the complex number domain and quaternion number domain, and several high-dimensional models have been
proposed. These extensions are generalized by introducing Clifford algebra (geometric algebra). In this paper we extend
conventional real-valued models of recurrent neural networks into the domain defined by Clifford algebra and discuss
their dynamics. We present models of fully connected recurrent neural networks, which are extensions of the real-valued
Hopfield type neural networks to the domain defined by Clifford algebra. We study dynamics of the models from the
point view of existence conditions of an energy function. We derive existence conditions of an energy function for some

classes of the Hopfield type Clifford neural networks.

Key Words: Clifford algebra, Recurrent neural network, Hopfield neural network, Dynamics, Energy function

1 ELC®IC

EAE, EEB (EHRES) 2RO FNTE EFAME
fbxXz=a—) 3y hT—2 (LAME NN) DE T
MO OPNREI N, TOBRLERES, FEERG
AR CIZETIMENEAIITODNTNS VD, /25
T, Ioiz@EmRibI Nz, /\ulRe %
W NN OE TV REI N, ERICHEIMTDN
TWd. IS ERTTDOEBIL, Clifford algebra (P
%\ geometric algebra) £FiE UT—fbInd. &
4F, Clifford algebra (345 % 28 2R ED 38R ) T H
DEMMRRICMEEZ 52580 UTIHERIZEH
XINTEY, AT ATV AR TEONBHADIGHD
EDEANZSTETNS 4, 20D/, Clifford
algebra ZH % i\ /z—a—pavV¥a—F57 V73
BWTE, SRR 2R S E LG EAREZ E
BITE2EDL UTHEIHHINTVD. AR,
Clifford algebra &¥i % i\ 2V AL > h NN DE TV
ZRL, TOHAFTIVI ROV TiHEamT 5.

—fIZNN OB A2 RO D DL, TOFMEEGEALIE
FRIEBIET & D IHMALBI T H 5. FHIERIGNN, 4
725, Clifford algebra B I 172 NN IZHEWTIE, FF
KIERABUC e D B 728D, TEMEALEIR DD I
FOBABETIUNEZOLN, SHENEEE2ROET
VISHESET &S, FHZY LY R NN, AREMICA
AFIANVVATLLE UTDIRDEOCVREE 25 72
b, EHACEBOECHIZED EDEO>BREIFIY
I A% RGOLPEENRE 720, THEFERND Z &ICk
Dk B - BRISHANE Z 6 2, ISHEEFENENRS &
MR TE5. TITARBTIE, @R IV Y ENN &
U T, Clifford algebra 5% A\ 7z 3 f3HD Hopfield
BOHGER I NN DE T V& RY. $ATDHAF Iy
AL LT, TRNF—BEEDFIERM OV THER
T35, BHIF, IHEFTERE MoK TRES
1% Hopfield B NN O T3 )L ¥ —BBOFIESRM L T
DIGHICET 2 M5e 27> T X2 891010 KTk
TNOHRERERIZLT, W< 2D T AD Clifford
algebra B X 72 NN D T3 )L ¥ — BB IAESARIZ
DWTHmT 2 1213, L) HIFDDI, =Kt

D3 DD AD Hopfield L NN & 4 RtD 1 DD Y
Z A® Hopfield L. NN TH 5. HiED 3 DD T AD
FBUX, TNZT N hyperbolic £, #HEE, dual BFKE
CLHBIBRRBIE B>TWd., FLBED]L DV T AD
FHUL, WCBEB L RMZRB L Z>T05.
2 Clifford Algebra IR

AT, EBAER ETERI NS HRKXITO Clif-
ford algebra (geometric algebra) Z X4 & 9§ 5. AHT
FTOMEZFHTD!.
21 EH

RPOT 2 KRR LD (p+ g+ r) RILDONY BV
ZZE e U, RPOTIZZRIBR (AR5 =) «:
RPOT x RPIT — R BAERINTVDLTDH., /2
RPoT DHEEDOHEEZ R 558, RYY ZRO&
IIZEHRIND.

RPT
= {e1, . €p,€pi1,  €pig, €pigit,
»q,T
eprqirt C RV ()

ZIT{e;} BROMEEF>LT B2

+1, 1<i=j<p,

_17 p<2:]§p+Q7

0, ptg<i=j<p+qg+r,
0, i#j

D&, ZREX (AHT—F) 2FO>XT ML
2213 R 28] (quadratic space) & IFIEN 5.

RP:¢" | Clifford algebra & G(RP*"), &2 \MEH
WX Gpgr ERTZEIZTD. Gy, &, Clifford product
(& %\ M Algebraic product ({ifE)) LIEENDHE o
ZHEATDETDHILICEY, UFOXDITERIND.
[ Geometric Algebra G, , , DEF]

Gp,qr 13, ROVEEZ724 £ %, RP9" O Clifford
algebra(geometric algebra) L IFFIEND. G, . 1F, FEE

I Clifford algebra) IZDW\WTIE, % < OEHEPBHIHIRINT

WB. FHHIZOWTIE, e 2IEXE 4D 2Bz,
2Z DR IZIEHERLE L ITIENS.

2
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RR &NRZ MVZER- RPOT 2, TOHZZERE LT
ad.

e Gy ld, NME+BEIUANT — (0 €R) LD
IZBA L TARY MVZE % 729

o Gy ROV E 7T B o BIHET 5.

1. Gyl BolZHUHUTHS. 42D HR
%729,

aobeGyy,, Va,bcGy,,.

2. wEEH:
(aob)oc=ao(boc), Ya,b,cec Gy,
3. B
ao(b+c)=aob+aoc, VYa,b,ceG,,,.
4. ANT7—L DM :

aca=aoca=aa, YacGy,, YVacR.
e HELacRPY CGyyr B85
aoca=ax*xacR 3)
Zii7=9.

PAEDEEN S35 & 512, Clifford algebra Gy, 4 - (2
T, Clifford product o IZBI L CHH#ATH 2 Z &1
ZEE LTV,

22 HAMAME EEE (Algebraic Basis)

Clifford algebra G,, , » DEZ&IE, RPOT DEZENNRY
MVERFIEND DIZH L, ¥ IVF AT ML (multivector)
EIEEND. EREDOYNVFANT M a,be Gy, 120
U, Clifford product @ o b 1%, ZDXHRARES & AHR
BRI DOME LT

1 1
aob:§(aob+boa)+§(a0b—boa).

ERIND. FZal baXI N, §8bba,be
RP-o™ 2 51E, 3) A&k U ROBURB KT 5.

(@+b)o(a+b)=(a+b)x(a+b)
S aoataob+boatbob=axa+2axb+bxb
1
<:>§(aob+boa):a*b

U7D>T, ZOHBEXNIREKRSIEAN T —FREIZ—2
45, IIT, WBED %

aAb:= %(aOb—boa),
LRFZLIZTD L
aob=axb+aANbd.

3ZoADE 1 I anticomutator product & IE(E41, 2 2 it
commutator product & X2

L FE 5. B AL, outer product & %\ M3 wedge product
CIHEND. KT, RPCT DIENRT Mle;,e; IZHL
Tk, QREV e;xe; =0 (i #5) BEELTBDT,
e;oe; I,

e oe; =¢€;Nej

LRy,

e;oe; = —ejoe;. @

NDAYAC RN

Z Z T Clifford algebra G, 4, DFEJE (algebraic basis
EIEEND) DERBUIZDWTEAT S, AN TIEEHED
72 Clifford product Th % aob %, o ZEML T ab
ERY. EMENERZTDT, (aob)oec HBDW
idao(boc) ZHilZ abc KT, £/ [] T, HEOD
FF O Clifford product 2 %3, 72& 21E, [[_,ai =
ajoasoas. TH3. Gy, OEEEDERIZIE, basis
blade & IFXI D N7 MVZER] RP4™ DFFZ S ERED
B OFJED Clifford product WEEREE 2 R-T. £
J basisblade DEFHEE 52 5. A ZJHTEALL, Al
ZADHIFHOERLT D, §4Db, X, b
UA={23,1} 5513, ARl =3 Thd. “OL X,

Gp,qr D basisblade (&, AZ A C{1,2,--- ,p+q+7r}
ELUTRDEDIZEHRIND.
A
en = [ R [A[i] (5)
=1

ZZT, |AlIXEEADEROHEKT. £ basis blade
ey 2B 1) % Clifford product 12 & V) B I N D EED
¥, 97405 |A|lX, basis blade D grade & IEIF5.
e ZIEA={2,3,1} 25X, ey = eseze; T, 2D
grade 123 TH 5.

() RTEING RPOT DIEIL p+g+r lHZOT,
IS DETDIAEHED Clifford product > H JHiNT
R AE XD Clifford product DFE 2°+9+" {§TH
5. Gpgr ODHEEL, THSHMALZR 2PT94T {ED basis
blade 2SI ND. 22T, I={1,2,--- ,p+q+r}
U, Pl 2 1ONREES, /2 Poll] 2IHF S5
NEZTORIELSLTE, 222, 1={1,2,3} 7§
5L,

PO[]I] = {{0}7{1}7{2}3{3}7{172}7{173}7
(2,31, {1.2,3})

Thd. LEL, VFZEEATHE. hkb, G,,,
DIE T, 18, KO LS ITEHINB,

Gp,gr :={es: A e Polll}

77U, eg=1€RELTWD. 22 XIE, prgtr=3
EUTGs:i=Gpgr ERTE, ZOIEMERE G; IZX
DEDIIESD.

Gs ={1,e1,e2,e3,e1e2,e1€3,€2€3,€1€2€3}
Clifford algebra G, ,, DEHE, TR2HOHLIIF T K
ViE, BAED LS ITEHZINZEEOMEELE L LT

42 OIEIZRFIZ, TE#EILE (canonical algebraic basis) & IEEH
5.




KIND. §hDE, a€ Gy, tE, o eRELT
KD EDIZHRIND.

opt+a+r

a= Y a4l (6)

i=1

£72, a € Gy 4, OFNE (modulus)|a| 2RD & 512

EHETD.
9p+aq 1/2
lal = (Za“>2)
i=1

2.3 Clifford Algebra TKIZ X 17 Hopfield B0 = 1 —
SIWErY NT—UDETI
AHiTI, Clifford algebra TRE I N2 ALV b
NN DETIVERT. FHZ, FERTERE I Nk
Hopfield B NN DE TV E LR L 726 D % 3 FEBERT.
1 DHETFIVIE, BIFO&S 2Mn AEATRIND
ETNTH .

Tiﬁ = —Uu; + ;wijvj + b; 7
V; :f(ul) (221,2,,7’?/)

ZIT, nlEAY N REET 5= a—0 Y OfE,
ui, v 1, KRt 1285 i BHO=a—DOvDIRREE
A, b 1 E i FBHO=2—0 VDU IWHE, w; k)&
HOZa—o0yns i HHO= 2 —0 Y ADOFEA M E
T X i BHO=Z2a—DOVDORERTHD. ZDETIE
W, ug, v, by, wij 1R T Geometric Algebra G, 4
DEFZ(XIVFRIT M) THD, T8DS u; € Gy g,
v; € Gp,qu, b; € GP#L?“’ W;; € Gp#’r Thd. FEHK
7 DALEDER, §2bb e R, >0295. F
7z, wi & vy ORI, Gy g 1231 % Clifford product
Thd. £/, f()lF=a—0rOiEH{LREKTH Y,
Gpgr M5 Gy gr NEBT DI LB TH S, *
7RI dug /dt &, u; DBRER T & OIS, 3
VA R 5)

opta

Z dtU() t)Gp.q

YERLTVE. BE, MHiTEG,,, DB%(ZILF
R NV & RTKRIEFR (bold face) THRULU T\ /=
W, ZOETFMCBVTREFBEBFRTERLTSY, &
FDLAFTIETARTIDXDIZET.

Geometric algebra G, 4 » D Clifford product (%, —fi%
CETHCAEODT, EARMAEYE =2— 1 Ol
bt@%@@%%ﬁubt%?wuw)tﬁaé%?
Nend, UEN>T, Z2HDODETFILELT, RO
WA HBRATRINDETINEEZ RS,

dui -
TiE = —u; + ;U]wzj + bz . (8)
(% :f(uz) (1:1727771)
ZZT, ug, i wij, by, 1, f AR EDERIZ (T) RS

T5.

£/, =o—D YOI EEAHEE R 5 B

EHEE (T) LIERZRLZETIVERY, ZOMOET
WEUTRODEIBRETINVEEZZD.
T i w; j:1wijvjwu i ©)
U :f(ul) (i:172a"'7n)
Z 2T, ul,vz,w”,bz,n,f@\to) LRI ()E:IZH‘%?:
5. FAMOME w1, —BIITHEEINE w; &R

78 2 AL D Clifford algebra Gpqr DEETEOD, wjj
% w;; \Z involution fEfH X & 72% D & 4 % DA* Clifford
algebra BV TIFFFIZE R Z KD, involution & IX =&
ERXE2 L RIZRLEME, §805 (w)* = w
L 72 B {EHT, Clifford algebra (23T I inversion,
reversion conjugation BENDD. 7= ZIFEHLHCM
TR B 2L, TO—DTHD. BUED3IDOD
EFIIZ bwf (7) RDOETIVAH, Hopfield H3EHD
ETIVEUTRELZ NN ETIVOEHRABILIEL 2>
TW3.

3 IXRIVF—BROFEERYE
31 IXILF—BEROESE
DALY MNNODOXAF Iy 7 AT 2 EERRY
%k,IXW¥ %ﬁ@ﬁf&@ﬁiﬁ%é.mem
( ) Jﬁ’sﬁ%@(@ NN & U7~ El:l, —‘3—@7}9‘6 gy Viy bi,
IR TCu eRv; eR b ERwj; eREL, T
%m%&f%f R—-R&EULZGBEDETNENGLE
LT, TANF—BHENGFEETDIZODRMbE T2
F—EBERLAZY. §4bb, Ex):R" -R4E5
HEEBE T XN F R L TEREL, RDOLS4
MEEFOZ L 2RUZ. O (7)) ADETIVITE W
T, EATHW = {w;;} BWABTHI WT =W THD
TEPMEAGERER () ARG 7T HE T A Sih D BLFA &
51E, NN ;tlﬁx)wv“ Bl Hb, 203X —H
D NN OffIZih> CORMA NIEEL 2D, ZDZ
t&U,_QNN@%iﬁTI%w# £35S ke gycn
BEDIZEEL, ffldt — oo TH DL APERT S
ZENRED. itﬁ%i*6h,yml%w¥ £33
ZRAUTNNICKY ol ki@ % < HGikxigEL,
FEEIK A — VA VRIEDRIT S e 2R U,
Z DRFZE N % L U 72 NN CHEI o bR % fif
222 RULAZEDELT, EHEIZKREIARAL VN
JNE5 2. FDE, TXIF—EHZEHVZ NN
DEVER RGO Z O EZMHL - EXE
BIGH, 72& 2 ISEMEOREADIGH, &EORK
EALRTEDIG A A EIRFEITER IR INT S 2. (1),
(8) BLU (9) RTHKI NS 3D Clifford algebra T
KINZNNICHUTCEFABOMEE2 K> R IF—
B EHETINE, ZNEHNT, MO NN TARX
T & 72l % DWFZE A Clifford algebra &EL X 2172 NN
IZHABEE 2 Y, NN OILHEFHE —JEA7" 5 && X
BMé.ﬁofI%W¥~%ﬁﬁﬁETé%@%%6
bf£< LIFEETHD. FELIXTTIIHSE
ﬁ T HITIFPUILETRILIND NN IZX L TZ D/
%@mn%@of%15089wm,’M6®%%u
Clifford algebra TRELX 1125 NN Q@05 FHHEET
2% 128 KFETIE, (7), ) BLU(9) RTHKXN



% 3 HHH D Clifford algebra G, THRI /2NN DS
71’9##\-, p+q+7"—1@i7ﬂj @Gloo, G()l()Zbcl:O
Gwlfﬁﬁ*Mt_@Umm@memMNN~*
BIZpt+qt+r=28ED—DTdHb Ggao TRHAIN
724 (22) 2X5t Hopfield B4 NN (23 L C, =3 )L¥—F
B ZTDFEREIIODVTHMT D.

XT, VILVYINNDEAFIVI A%wT D7
X E Y, TEMEALEE F() £ LT, YDk SnitE
2RO E VI PNMEE 85, ERO=a—F
VA "= T, Y71 RBEBDOL S RSN
THALIFEEBDSEE R OND. 72, HENN
IBWTIE, EEAEBICERE RS L, oA
B U CIE R 72 B (B 00 AT RE R B R 1A
V. ZHURAE R CHEEEE AR T IE RS BB E B
B2 LWV a—VEILDEIZED. D7D 8)
i, WOHEMNI L UTEAMEORDY I, ERIERE
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Non-constant bounded holomorphic functions of hyperbolic

numbers — Candidates for hyperbolic activation functions

* Eckhard Hitzer (University of Fukui)

Abstract— The Liouville theorem states that bounded holomorphic complex functions
are necessarily constant. Holomorphic functions fulfill the socalled Cauchy-Riemann
(CR) conditions. The CR conditions mean that a complex z-derivative is independent
of the direction. Holomorphic functions are ideal for activation functions of complex
neural networks, but the Liouville theorem makes them useless. Yet recently the use
of hyperbolic numbers, lead to the construction of hyperbolic number neural networks.
We will describe the Cauchy-Riemann conditions for hyperbolic numbers and show that
there exists a new interesting type of bounded holomorphic functions of hyperbolic
numbers, which are not constant. We give examples of such functions. They therefore
substantially expand the available candidates for holomorphic activation functions for

hyperbolic number neural networks.

Keywords:
bounded holomorphic functions

1 Introduction

For the sake of mathematical clarity, we first carefully
review the notion of holomorphic functions in the two
number systems of complex and hyperbolic numbers.

The Liouville theorem states that bounded holo-
morphic complex functions f : C — C are necessar-
ily constant [1]. Holomorphic functions are functions
that fulfill the socalled Cauchy-Riemann (CR) con-

ditions. The CR conditions mean that a complex
z-derivative
d
];(z)’ z=x+iyeC, z,yeR, i=-1, (1)
z

is independent of the direction with respect to which
the incremental ratio, that defines the derivative, is
taken [5]. Holomorphic functions would be ideal for
activation functions of complex neural networks, but
the Liouville theorem means that careful measures
need to be taken in order to avoid poles (where the
function becomes infinite).
Yet recently the use of hyperbolic numbers

z=x+hy, h*=1, z,ycR, h¢R. (2)

lead to the construction of hyperbolic number neural
networks. We will describe the generalized Cauchy-
Riemann conditions for hyperbolic numbers and show
that there exist bounded holomorphic functions of
hyperbolic numbers, which are not constant. We give
a new example of such a function. They are therefore
excellent candidates for holomorphic activation func-
tions for hyperbolic number neural networks [2, 3].
In [3] it was shown, that hyperbolic number neural
networks allow to control the angle of the decision

Hyperbolic numbers, Liouville theorem, Cauchy-Riemann conditions,

boundaries (hyperplanes) of the real and the unipo-
tent h-part of the output. But Buchholz argued in
[4], p. 114, that

Contrary to the complex case, the hyper-
bolic logistic function is bounded. This is
due to the absence of singularities. Thus,
in general terms, this seems to be a suitable
activation function. Concretely, the follow-
ing facts, however, might be of disadvan-
tage. The real and imaginary part have dif-
ferent squashing values. Both component
functions do only significantly differ from
zero around the lines! x = y (z > 0) and
x=y (x <0).

Complex numbers are isomorphic to the Clifford
geometric algebra Clp ; which is generated by a single
vector e; of negative square e; = —1, with algebraic
basis {1, e;1}. The isomorphism C 2 Cly ; is realized
by mapping ¢ — ej.

Hyperbolic numbers are isomorphic to the Clifford
geometric algebra Cl; o which is generated by a single
vector e of positive square e; = +1, with algebraic
basis {1,e1}. The isomorphism between hyperoblic
numbers and Cl;  is realized by mapping h — e;.

2 Complex variable functions

We follow the treatment given in [5]. We assume
a complex function given by an absolute convergent

INote that we slightly correct the two formulas of Buchholz,
because we think it necessary to delete e in Buchholz’ original
z = ye1(z > 0), etc.
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power series.

w = f(Z) = f(x + iy) = u(x,y) + iv(x,y), (3)

where u,v : R2 — R are real functions of the real
variables x,y. Since w,v are obtained in an alge-
braic way from the complex number z = z + iy, they
cannot be arbitrary functions but must satisfy cer-
tain conditions. There are several equivalent ways
to obtain these conditions. Following Riemann, we
state that a function w = f(2) = u(z,y) + iv(x,y)
is a function of the complex variable z if its deriva-
tive is independent of the direction (in the complex
plane) with respect to which the incremental ratio is
taken. This requirement leads to two partial differ-
ential equations, named after Cauchy and Riemann
(CR), which relate u and v.

One method for obtaining these equations is the
following. We consider the expression w = u(x,y) +
iv(z,y) only as a function of z, but not of z, i.e. the
derivative with respect to z shall be zero. First we
perform the bijective substitution

1 1
xzi(z—&—é), y:—ZE(z—Z)7 (4)
based on z = z + iy, Z = x — iy. For computing the
derivative w z = % with the help of the chain rule

we need the derivatives of x and y of (4)

Using the chain rule we obtain

Wz =UaT s+ UyY s +i(0T 5 +0yY2)

1 1. 1 1.
= §ux + §zu7y + z(iv,x + iw,y)
1 ) !
= 5[“% — vy +i(ve +uy)=0. (6)

Requiring that both the real and the imaginary part
of (6) vanish we obtain the Cauchy-Riemann condi-
tions

Uy = Uy, Uy = —Vz. (7)

s )

Functions of a complex variable that fulfill the CR
conditions are functions of z and y, but they are only
functions of z, not of Z.

It follows from (7), that both u and v fulfill the

Laplace equation
Uze =Vyo = Vay = —Uyy € Ugs +Uyy =0, (8)

and similarly
Vg + Uy = 0. 9)

The Laplace equation is a simple example of an ellip-
tic partial differential equation. The general theory
of solutions to the Laplace equation is known as po-
tential theory. The solutions of the Laplace equation

are called harmonic functions and are important in
many fields of science, notably the fields of electro-
magnetism, astronomy, and fluid dynamics, because
they can be used to accurately describe the behavior
of electric, gravitational, and fluid potentials. In the
study of heat conduction, the Laplace equation is the
steady-state heat equation [6].

Liouville’s theorem [1] states, that any bounded
holomorphic function f : C — C, which fulfills the
CR conditions is constant. Therefore for complex
neural networks it is not very meaningful to use holo-
morphic functions as activation functions. If they
are used, special measures need to be taken to avoid
poles in the complex plane. Instead separate com-
ponentwise (split) real scalar functions for the real
part g. : R — R u(z,y) — g-(u(z,y)), and for the
imaginary part g; : R — R v(z,y) — g;(v(z,y)), are
usually adopted. Therefore a standard split activa-
tion function in the complex domain is given by

g(u(z,y)+iv(z,y)) = gr(u(z,y))+igi(v(z,y)). (10)

3 Hyperbolic numbers

Hyperbolic numbers are also known as split-complex
numbers. They form a two-dimensional commutative
algebra. The canonical hyperbolic system of numbers
is defined [5] by

z=x+hy, K*=1, z,ye€R, h¢R. (11)
The hyperbolic conjugate is defined as
z=x—hy. (12)

Taking the hyperbolic conjugate corresponds in the
isomorphic algebra Cly o to taking the main involu-
tion (grade involution), which maps 1 +— 1,e; —
—eq.

The hyperbolic invariant (corresponding to the
Lorentz invariant in physics for y = ct), or modulus,
is defined as

2Z2=(z+hy)(z—hy)=a"—y*,  (13)
which is not positive definite.

Hyperbolic numbers are fundamentally different
from complex numbers. Complex numbers and
quaternions are division algebras, every non-zero el-
ement has a unique inverse. Hyperbolic numbers do
not always have an inverse, but instead there are
idempotents and divisors of zero.

We can define the following idempotent basis

1
Ng = 5(1 — h),

ny = %(1+h)7 (14)



which fulfills

ni = 2(1 +h)(1+h)= £(2+2h) =ny,
ny=mny,  ni+ng=1,

ning = 3(1 SR —h) = 3(1 1) =0,
i1 = N9, 7o =n1. (15)

The inverse basis transformation is simply

1 :n1+n2, h:m — Na. (16)

Setting

z=x+ hy = &ny + nno, (17)

we get the corresponding coordinate transformation

e=gEtn),  y=gE-n,  (8)

as well as the inverse coordinate transformation

§=x+yeR, n=x—yeR. (19)

The hyperbolic conjugate becomes, due to (15), in
the idempotent basis

zZ= £ﬁ1 + ’/]7_12 = nni + fng. (20)

In the idempotent basis, using (20) and (15), the hy-
perbolic invariant becomes multiplicative

2z = (&n1 +mma) (nna + €no)

=&n(ny +ng) = En =2 — o~ (21)

In the following we consider the product and quotient
of two hyperbolic numbers z, 2’ both expressed in the
idempotent basis {ny,na}

zz' = (&n1+mmz)(E'ni+n'ng) = E&n+nn'ng, (22)

and

z  &np+ny 27

P2 &'ny +n'ng B

(§n1 +mna)(n'ny + &'na)

(§'n1 +n'n2)(n'n1 + §'n2)

(En'ny +n&'n2)(n'ny + &'ny)

&’
= gnl + %712.

Because of (23) it is not possible to divide by 2’ if
& =0, or if n” = 0. Moreover, the product of a

hyperbolic number with £ = 0 (on the ny axis) times
a hyperbolic number with = 0 (on the n; axis) is

2z

(23)

(§n1 4 0n2)(0ng + nng) = Ennang = 0, (24)

S

T T P — 2
X2-yiE] —
asymptotes X

Figure 1: The hyperbolic number plane [9] with hor-
izontal z-axis and vertical yh-axis, showing: (a) Hy-
perbolas with modulus zz = —1 (green). (b) Straight
lines with modulus 2z = 0 & 22 = y? (red), i.e. di-
visors of zero. (c) Hyperbolas with modulus zz = 1
(blue).

due to (15). We repeat that in (24) the product is
zero, even though the factors are non-zero. The num-
bers £nq, nngy along the ny, no axis are therefore called
divisors of zero. The divisors of zero have no inverse.

The hyperbolic plane with the diagonal lines of di-
visors of zero (b), and the pairs of hyperbolas with
constant modulus zz = 1 (c¢), and 2z = —1 (a) is
shown in Fig. 1.

4 Hyperbolic number functions

We assume a hyperbolic number function given by
an absolute convergent power series

w = f(z) = fz+hy) = u(z,y) + hv(z,y),
R =1, h¢R. (25)
where u,v : R?> — R are real functions of the real
variables x,y. An example of a hyperbolic number
function is the exponential function

e* = "t — %M — ¢®(coshy + hsinhy)

= u(x,y) + hv(z,y), (26)

with

u(z,y) = €” coshy, v(z,y) = e®sinhy. (27)
Since u, v are obtained in an algebraic way from the
hyperbolic number z = z + hy, they cannot be ar-

bitrary functions but must satisfy certain conditions.



There are several equivalent ways to obtain these con-
ditions. A function w = f(z) = u(x,y) + hv(z,y) is
a function of the hyperbolic variable z, if its deriva-
tive is independent of the direction (in the hyperbolic
plane) with respect to which the incremental ratio is
taken. This requirement leads to two partial differen-
tial equations, so called generalized Cauchy-Riemann
(GCR) conditions, which relate u and v.

To obtain the GCR, conditions we consider the ex-
pression w = u(z,y) + hv(z,y) only as a function of
z, but not of Z = = — hy, i.e. the derivative with
respect to z shall be zero. First we perform the bi-
jective substitution

1 1
x==(z+42), y=h=(z—2), (28)

2 2
based on z = x + hy,zZ = x — hy. For computing the
derivative w z = % with the help of the chain rule

we need the derivatives of z and y of (28)

1
=5 z=—2h 29
Tz =3 Y, (29)
Using the chain rule we obtain
Wiz =UsT s+ UyYsz+h(VsT s+ VyY5)
1 1 1 1
= gta — Fhuy + h(gv,m - §hv,y)
1
= Sue = vy +h(ve —uy)] 0. (30)

2

Requiring that both the real and the h-part of (30)
vanish we obtain the GCR conditions

Ug =Vy, Uy =g (31)

Functions of a hyperbolic variable that fulfill the
GCR conditions are functions of x and y, but they
are only functions of z, not of z. Such functions are
called (hyperbolic) holomorphic functions.

It follows from (31), that v and v fulfill the wave
equation

(32)

Uge =Vyo = Vay = Uyy & Ugg — Uyy =0,

and similarly
(33)

Ve — Uyy = 0.

The wave equation is an important second-order
linear partial differential equation for the description
of waves — as they occur in physics — such as sound
waves, light waves and water waves. It arises in fields
like acoustics, electromagnetics, and fluid dynamics.
The wave equation is the prototype of a hyperbolic
partial differential equation [7].

Let us compute the partial derivatives w g, u ,
Vg, 0,y for the exponential function e* of (26):

Ug = e coshy, u, =e"sinhy,

vy =e"sinhy=u,, v,=e"coshy=u,. (34)

We clearly see that the partial derivatives (34) fulfill
the GCR conditions (31) for the exponential function
e*, as expected by its definition (26). The exponen-
tial function e® is therefore a manifestly holomorphic
hyperpolic function, but it is not bounded.

In the case of holomorphic hyperbolic functions the
GCR conditions do not imply a Liouville type theo-
rem like for holomorphic complex functions. This can
most easily be demonstrated with a counter example

f(z) = u(z,y) + hv(z,y),

u(y) = v y) = ——

" Ty 5

The function u(z,y) is pictured in Fig. 2.
Let us verify that the function f of (35) fulfills the
GCR conditions

-1
(1+ e %e V)2
e eV

= Ut emene (36)

Uy = (—e %e™Y)

where we repeatedly applied the chain rule for differ-
entiation. Similarly we obtain

e Te Y

Trewenp G0

’U}y:’()w:vy:

X ) )

The GCR conditions (31) are therefore clearly ful-
filled, which means that the hyperbolic function f(z)
of (35) is holomorphic. Since the exponential func-
tion e~* has a range of (0,00), the product e~ Fe~Y
also has values in the range of (0, 00). Therefore the
function 1 + e~ %e~¥ has values in (1,00), and the
components of the function f(z) of (35) have values

1

0< —— < 1. 38
< 1+e e ¥ < (38)
We especially have

I ! 0 (39)

im #—— =

z,y——o00 1 4+ e Te ¥ ’

and )

lim ——=1 (40)

z,y—oo 14+ e Te Y

The function (35) is representative for how to turn
any real neural node activation function r(z) into
holomorphic hyperbolic activation function via

f(@) = r(a+y) (1 + ). (41)

We note that in [3, 4] another holomorphic hyper-

bolic activation function was studied, namely

1

f(z) = Tte =z’ (42)



xmax

Figure 2: Function u(z,y) = 1/(1+ e ®e~¥). Hori-
zontal axis —3 < x < 3, from left corner into paper
plane —3 <y < 3. Vertical axis 0 < u < 1. (Figure
produced with [8].)

but compare the quote from [4], p. 114, given in the
introduction. The split activation function used in
(2] X
i
= h
ey =1 = thir

is clearly not holomorphic, because the real part u =
1/(1 4 e~*) depends only on = and not on y, and the
h-part v = 1/(1 + e~ ¥) depends only on y and not on
x, thus the GCR conditions (31) can not be fulfilled.

(43)

5 Geometric interpretation of
multiplication of hyperbolic
numbers

In order to geometrically interpret the product of two
complex numbers, it proves useful to introduce polar
coordinates in the complex plane. Similarly, for the
geometric interpretation of the product of two hy-
perbolic numbers, we first introduce hyperbolic polar
coordinates for z = x + hy with radial coordinate

p=Vlzzl = Va2 —y?|.

The hyperbolic polar coordinate transformation [5] is
then given as

(44)

1. 22> y% 2> 0:

6 = artanh (y/z), z = peh?

i.e. the quadrant in the hyperbolic plane of Fig.
1 limitted by the diagonal idempotent lines, and
including the positive z-axis (to the right).

2. 22 >9y% <0
6 = artanh (y/x), z = —peh?,

i.e. the quadrant in Fig. 1 including the negative
x-axis (to the left).

3. 22 <yt y>0:

0 = artanh (z/y), z = hpeh?,
i.e. the quadrant in Fig. 1 including the positive
y-axis (top).

4. 22 <y? y<O:

6 = artanh (z/y), z = —hpe"?,
i.e. the quadrant in Fig. 1 including the negative
y-axis (bottom).

The product of a constant hyperbolic number (as-
suming a} > a, a; > 0)

a=a; + hay = paeheﬂ,

— 2 2
Pa = az 7ay7

f, = artanh (ay/a;), (45)
with a hyperbolic number 2 (assuming 22 > y?, * >

0) in hyperbolic polar coordinates is

Oa (0+64)

az = pg e peh® = p.pel (46)
The geometric interpretation is a scaling of the mod-
ulus p — p.p and a hyperbolic rotation (movement
along a hyperbola) § — 6 + 6,,.

In the physics of Einstein’s special relativistic
space-time [11, 12], the hyperbolic rotation § — 6+6,
corresponds to a Lorentz transformation from one
inertial frame with constant velocity tanh# to an-
other inertial frame with constant velocity tanh(f +
0.). Neural networks based on hyperbolic numbers
(dimensionally extended to four-dimensional space-
time) should therefore be ideal to compute with elec-

tromagnetic signals, including satellite transmission.

6 Conclusion

We have compared complex numbers and hyperbolic
numbers, as well as complex functions and hyperbolic
functions. We saw that according to Liouville’s theo-
rem bounded complex holomorphic functions are nec-
essarily constant, but non-constant bounded hyper-
bolic holomorphic functions exist. One such function
has already beeng studied in [3, 4]. We have stud-
ied a promising example of a hyperbolic holomorphic
function
1+h

f(z) = p—— (47)



in some detail. The distinct notions of idempotents
and divisors of zero, special to hyperbolic numbers,
were introduced. After further introducing hyper-
bolic polar coordinates, a geometric interpretation of
the hyperbolic number multiplication was given.

Hyerbolic neural networks offer, compared to com-
plex neural networks, therefore the advantage of suit-
able bounded mon-constant hyperbolic holomorphic
activation functions. It would certainly be of interest
to study convergence, accuracy and decision bound-
aries of hyperbolic neural networks with the activa-
tion function (35), similar to [3, 4].
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it’s Applications
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Abstract— Approximation is one of the most useful methods for understanding data distribution. However,
most conventional approximation methods using Gausian distribution or uniform distribution do not pay
sufficient attention to the geometric properties of data. This study focuses Geometric algebra (GA), which
is a generalization of complex numbers and quaternions able to describe spatial objects and the relations
between them. This paper uses conformal GA (CGA), which is a part of GA, to transform a vector in a real
Euclidean vector space into a confomal vector in a CGA space and presents a proposed new approximation
method using conformal vectors. In particular, this paper shows that the proposed method was able to express
various data distributions, such as those based on hyper-spheres (-planes), circles (lines), or arcs. Then,
this paper shows that the proposed method is able to apply to clustering problems and three-dimensional

reconstruction using combination with particle filter.

Key Words: Conformal Geometric Algebra, Approximation, Clustering, Three-dimensional Reconstruction
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aEh, REBEO—HTHD. GAIL (p+q)
DIERERZEIE O = {e1,...,ep,€pt1,...,€p1q} &,
el = +1,Vi € {1,...,p}, BELWe? = —-1,Vi €
{p+1,...,p+qt ERDEIITEERTH. AFETIE,
OlZkVEDLNDZEME G, TRDOT. HilziE, &
N7 MVZER R™ OBEIE G TRETHZENT
5.

CGA ZEMITFERY MVEMR™ ZYEEL, m+2 {8
DHEJERT v {eq,...,ey,er,e_ICLVEDDHZ &
MTES. 2770, ef BEWe_ FLTFIZL VY ER
nas.

el =ey-ep = 1, (1)
e2 —e_-e. = -1,
e -e_=e;-e=e_-¢e = 0,Vie{l,...,m}.

DFY, CGAZEMIX G111 ITEVEHTHZ &N
TZ5. ELITCCATIE, X7 MreyBELWey &

e, e ICXVEERTD.
1
€ = 5(9— —ei), e =(e-feq). (2)

Eq. (1) & Eq. (2) 5 bXOBRAELNS.

€€y =€y s = 0, (3)
€) €x =€x-€e = -1,

e e =€ex-e = 0,Vie{l,...,m}.

KIZ Hestenes 3) (2 & VIR S N-Z2MZEH A2 H
%. CGAZEMTORA L NP e Gpprq 1TFET v
x =y "we € R ZH, LLTFTORIT L A#HS
no.

1
P=x+ |xlPex +eo. (4)

T, AUARAREILONMEP-PIZ0THD
ZENGMND. FLT, mIRTIZRITHEEKIT CGA
LW RBTTES.

S =
1
= x+§{\|xH27r2}eoo+e0. (5)

SIEFERT VR R™ THIL x, P r OBERE#
9 conformal X7 MV THDH. EEDOKRA 2 b Q MEK
S OFME EIZHLGE, WES - QIX0 LR Z LR
RAHRTES. ¥£72, Eq. (4) KO Eq. (5) b,
CGA ZE[H] Gpy11 CTORA & MEERE T =0 DERTH
DT EMTIND.

CGA ZE[ITiX, ¥ L KRB TE D,

L =n+des. (6)

niIET MZEBR™IZBITAFHE n-x+d=0
DEIRRT MLVTHY, dIZAI TR THD. HFE
DARA > b Q13 Fm L oFil Lizh 2546, NFES-L
0 TH 5.

—fXAIZ, Gpa1 IZBIT D conformal X7 kL S I
UFickoTHKitasns.

S =8+ 55€s + Sp€p. (7)

s= " se 1XFERY FLEE R™ IZBITH7 b
THY, S0 BED sg ITFNENNT Fley & ey D
AHT—HRETHS.

3 REFZELETODIEHA

3.1 HEAMT—42ty bHLBEROEUFENDRE
AFETIX, CGA ZERTORAL L R P EXT LS
LOHEERZNSDONETHLZ EICEHT S, Eq.
(3), Eq. (4) BEWEq. (7) 5, P & S ONHEA L
TIZXVEET .

d(P,S) x P S
L2
=[x+ glxlPex +eo ) - (s + sscen + soe0)
L2
= x-S*Soo*§||X|| S0- (8)

ZZT, d(P,S) =0 D%,

1
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e s = ot o 20)
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1 2
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1 2
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1

2 1
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n 1 2
Z (xk ©S — Soo — 2||xk||2$0) + A (||s||2 - 1) . (14)

k=1

Eq. (14) 7N Cb 2 KT T O L 51272 5.

(13)

3

7

L

OL

S
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" 1
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A study on increase in speed of Hamiltonian changes
on adiabatic quantum computation

M. Kinjo (University of the Ryukyus)
Y. Sogawa D. Yamashita (Graduate School of Eng. and Sci., University of the Ryukyus)
S. Sato (R.I.LE.C., Tohoku University) K. Shimabukuro (University of the Ryukyus)

Abstract— The adiabatic quantum computation (AQC), proposed by Farhi et al., can be applied to various
problems including non-deterministic polynomial time problems. And the neuromorphic adiabatic quantum
computation (NAQC), the AQC with an efficient design method for a final Hamiltonian in consideration of
the analogy with an artificial neural network, can be applied to optimization problems if its cost function can
be expressed in a quadratic form. Its successful operations have been confirmed by numerical simulations.
However, the general method of deciding an appropriate parameter T for a target problem is no exist. In
this paper, we propose an appropriate T for 4-quantum bit system by controlling the interaction amplitudes

between quantum bits.

Key Words: Adiabatic Quantum Computation, Neuromorphic Adiabatic Quantum Computation, Local

Adiabatic Evolution, Neural Network
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Frequency Response Experiments of Lyapunov-guaranteed 3-D Visual Servoing Experiments
with Eye-Vergence

*xFujia Yu Hiroaki Matsumoto Akira Yanou Mamoru Minami (Okayama University)
Wei Song (Shanghai University)

Abstract— In this paper, we use on-line 1-step genetic algorithm (1-step GA) to recognize the 6-D object in a much
bigger space comparing with other recognition methods, then we guarantee the convergence of this method by Lyapunov
theorem. But visual servoing methods for hand-eye configuration have been presented so far seems to be vulnerable for
tracking ability since it may lose a moving target. Our proposal to solve this problem is that the controller for visual
servoing of the hand and the eye-vergence should be separated independantly based on decoupling each other. Base on
this prerequisite the eye-vergence system to track target object in camera in view sight (trackability) can be much faster

than conventional visual servoing with fixed cameras.

Key Words: Visual servoing, 1-step GA, Lyapunov theorem

1 Introduction

Comparing with the visual servoing systems whose
cameras are static to the world, the hand-eye visual ser-
voing systems are easy to become unstable because of the
disturb from the motion of the end-effector. Otherwise, the
hand-eye visual servoing systems can change its angle of
view easily. In our research, we use the hand-eye system
with two cameras.

On the other hand, a fixed-hand-eye system has some
disadvantages, making the observing ability deteriorated
depending on the relative geometry of the camera and the
target. Such as: the robot cannot observe the object well
when it is near the cameras (Fig. 1 (a)), small intersec-
tion of the possible sight space of the two cameras (Fig.
1 (b)), and the image of the object cannot appear in the
center of both cameras, so we could not get clear image
information of target and its periphery, reducing the pose
measurement accuracy (Fig. 1 (c)). To solve the prob-
lems above, in this paper, we give the cameras an ability
to rotate themselves to see target at center of the images.
There is no research using such rotatable hand-eye sys-
tem as far as we know. Thus it is possible to change the
pose of the cameras in order to observe the object better,
as it is shown in Fig. 2, enhancing the measurement accu-
racy in trigonometric calculation and peripheral distortion
of camera lens by observing target at the center of lens.
Moreover, recent researches on visual servoing are limited
generally in a swath of tracking an object while keeping a
certain constant distance ¥, ¥, 5. But the final objective
of visual servoing lies in approaching the end-effector to
a target and then work on it, like grasping. In this case,
the desired relation between the cameras and the object is
time varying, so such rotational camera system in Fig. 2 is
required to keep suitable viewpoint all the time during the
visual servoing application.

In visual servoing application, it is important to keep the

(a) Cannot be seen when the
object near to the cameras

(b) Smaller possible
sight area

(c) Not in the center
of the sight

Fig. 1: Disadvantage of fix camera system

(a) Can be seen when the
object near to the cameras

(b) Bigger possible

B (c) In the center of
sight area

the sight

Fig. 2: Advantage of Eye-vergence system

object in the visual eye sight to make the visual feed back
to keep stable closed-loop dynamical motion. If the cam-
era lose the sight of target, its pose cannot be measured,
that means, the visual feedback is cut, and the robot may
fall in some unexpected motion, being dangerous. As it is
shown in Fig. 3 (a), in visual servoing system the cameras
can keep staring at the object at first in (a), but when the
target moves so fast that the manipulator can not catch up
the speed of the target because of the big mass of whole
manipulator itself, then the object may disappear in the
sight of the cameras, resulting in that the visual feedback
of the system is cut as shown in (b), loosing feedback in-
formation that appears most dangerous. So in visual servo-
ing system it is very important to keep the camera tracking
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Fig. 3: Dynamics advantage of Eye-vergence system

the target. A system with high tracking ability also has
better security and validity. To realize this stable tracking
ability against quick and unknown motion of the target, we
propose to control the cameras and the manipulator sep-
arately. Because of the small mass and inertia moment
of the cameras, it can track the target better, as in Fig. 3
(c), like animals tracks target with eye motion before ro-
tate their heads to the target to improve dynamical tracking
ability.

To evaluate the observation of the camera, we put for-
ward a concept of trackability. This concept has been used
in ©), where trackability is defined as a kinematic function
of singular value of Jacobian matrix connecting hand’s ve-
locities and angular joint velocities, ignoring the relation-
ship between the hand and the target objects, including
the both dynamical motion of the target and the manip-
ulator, which seems to be essential for evaluating the eye-
vergence visual servoing. Then we define a new concept
of trackability to evaluate our visual servoing.

As shown in Fig.4, the proposed method includes two
loops: a loop for conventional visual servoing that direct
a manipulator toward a target object and an inner loop for
active motion of binocular camera for accurate and broad
observation of the target object. We set relatively high gain
to the eye-vergence controller to put the priority to the 3D
pose tracking to improve the system trackability.

2 On-line Evolutionary Recognition
2.1 3-D Model-based Matching

We use a model-based matching method to recognize a
target object in a 3-D searching area. A solid models is
located in X, its position and orientation are determined
by six parameters, ¥ = [rT, €T]T, where r = [z,y, 2|7,
€ = [e1, €2, ¢e3]T. Here, the target’s orientation is repre-
sented by unit quaternion V), which has an advantage that
can represent the orientation of a rigid body without sin-

P, T Cartesian Hand visual servoing loop
control law

—a
Eye- Vergence servoing loop

by

Fig. 4: Hand & Eye Visual servo system

gularities, when —7m < 6 < m (6 is defined below). The
unit quaternion, is defined as

Q= {777 6}, (D

where 0 0
n= 0085, €= singk, 2)
here, k(||k|| = 1) is the rotation axis and 6 is the rotation

angle. 7 is called the scalar part of the quaternion while €
is called the vector part of the quaternion. They are con-
strained by

n? + ele=1. 3)

In (3) n can be calculated by €, so we just use three param-
eters € to represent an orientation.

The left and right input images from the stereo cameras
are directly matched by the left and right searching mod-
els, which are projected from 3-D model onto 2-D image
plane. The matching degree of the model to the target can
be estimated by a correlation function between them as
F (1)) by using the color information of the target. Please
refer to *) for a detailed definition of F(¢). When the
searching models fit to the target objects being imaged in
the right and left images, F'(1)) gives the maximum value.
Therefore the 3-D object’s position/orientation measure-
ment problem can be converted to a searching problem of
) that maximizes F'(1)). We solve this optimization prob-
lem by 1-step GA method that will be explained in the next
section.

2.2 GA-based On-line Recognition “1-step GA”
Theoretically optimal pose ¥,,,,..(t) that gives the high-

est peak of F'(2)(t)) is defined as

Vonar(t) = {9(1) | ax Fp(t)} @

where L represents 6-DoF searching

z,Y,%z,€1,€2,€3.

An individual of GA is defined as 47 (¢), which means
the i-th gene (¢ = 1,2,---,p) in the j-th generation, to
search ,,,,(t). Denote %S4 (1) to be the maximum

space of

max

among the p genes of 7 (¢) in GA process,

GA = J max J .
Q/)ma:v(t) - {¢z (t) | ’l)bZGLF(U% (t))} (5)
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AF(89(1))
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(b) AF(s9) >0

Fig. 5: AF (6 (t)) is positive definite
In fact we cannot always guarantee the best individual of

GA 9S4 (t) should coincide with the theoretically opti-
mal pose ¥,,,.(t), because the number of GA’s individ-

uals is not infinite. The difference between ,,, . (t) and
PS4 (t) is denoted as
51/’“’) = Yax (t) - wigl (t) (6)

And the difference between F (1, (t)) and F(S2 (1))
is denoted as

F(5¢(t)) = F(’lpmaa:(t)) - F(d’riﬁz(t))? @)
Since (3 s (1)) F (52, (1)), we have
F(5%(t))=0. (3)

Based on the definition of AF(d1(t)) in (7), in this re-
search, we let GA work in the following way:

(a) GA evolves to minimize AF(01)(t)).

(b) The elitist individual of GA is preserved at every gen-
eration (elitist gene preservation strategy).

(¢) 9S4 (t) does keep the same value in the evolving
when the evolved new gene with different value gives
the same value of AF.

Here, we present two assumptions.

[Assumption 1] AF(§1)(t)) is positive definite.

This means the distribution of F(v(t)) satisfies
AF(6v(t)) = 0 if and only if d¢(t) = 0, which indi-
cates AF(d1(t)) = 0 has a sole minimum at §2p(¢) = 0
over the searching space L, even though A F'is multi-peak
distribution having peaks and bottoms with limited num-
ber. When the model overlap the target object in the image,
then the situation can make A F have the sole minimum in
L. 0 < F((t)) < 1, since F(t(t)) is normalized to
be less than 1 and negative value to be set as zero by a
definition of correlation function F(1)(t)) ?). So the fit-
ness function is always less than 1 except only one point
which means the @bmm( ) can express the target object’s
pose, as shown in Fig. 5(a). From (7), we can see when
PCA (1) = 1, AF(09(t)) = 0 (Fig. 5(b)), which means

max

that only in this case, 1/)maz( ) can express the actual pose
of the target object.

[Assumption 2] F'(S4 (£))>0.

This means GA evolves itself to get a bigger fitness
function value (F'(v$2 () > 0) or keep a same value
(F (54 (1)) = 0). It is not only an assumption but
also the character of GA if the target object is static, be-
cause the elitist individual is preserved in every genera-
tion of GA. However, when the target object is moving,
F (4 (t))>0 will indicate that the convergence speed
to the target in the dynamical images should be faster than
the moving speed of the target object. Furthermore, with
the pose tracking in dynamic scene being input at a certain
video rate, this assumption means that (¢S4 (¢ )) have
the tendency of approaching to F'(v,,,..(t)), and 54 _(¢)
moves toward ¥, (¢) in each period of the input image,
or keeps a distance to v,,,.(t). Since in this paper we
think that the object’s motion is enough slow comparing
the calculation speed of GA’s evolving to find F/(1pS2 (1))
from the view point that the one image be input every input
video period and evolving iterations in input video period
are enough to catch up with the F(¢&% (t)) being sta-
tionary during the input video period.

Differentiating (7) by time t, we have

AFGP(1) = F(pnan(t) — F(L0:(8). O

We defined F(v,,,,(t)) = 1 representing that the
true pose of the target object gives the highest peak.
Therefore, the time differentiation of F'(1),,,,, (¢)) will be
F(1,,,.(t)) = 0. Thus, from (9) and [Assumption 2], we
have

max

—F (35 () <O0. (10)

max

AF(59(t) =

1!)%296( t) represents current best GA solution. [Assump-
tion 2] means GA can change its best gene ’l,[)mam( ) to al-
ways reduce the value of AF’ regardless of dynamic image
or static one, which indicates that the convergence speed
to the target in the dynamically continuous images should
be faster than the moving speed of the target object.

We cannot guarantee that the above two assumptions al-
ways hold, since they depend on some factors such as ob-
ject’s shape, object’s speed, definition of F'(1)(t)), param-
eters of GA and viewpoint for observing, lightening envi-
ronment, computer’s performance et al. However, we can
make efforts to improve the environment and correlation
function and so on. Providing above two assumptions be
satisfied, (8) and (10) hold, then AF'(d1)(t)) is so-called
Lyapunov function. The objective here is to verify that
01p(t) asymptotically stable, resulting in it converges to 0
by using the Lyapunov function of AF'(d2)(¢)), meaning
PG (t)—sp, .. (t), (t—o0), and the following shows
how to verify it.

Since AF(d%)(t)) is only negative semi-definite, in
the view of LaSalle theorem, d)(t) asymptotically con-
verges to the invariant set of the solutions dt satisfying
AF(54(t)) = 0. Considering the following expression,

AR@Ep(t) = 258

v - Sth =0, (11)
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Fig. 6: The invariant set of the solutions of AF (8t (t)) =
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AF(5)

Fig. 7: The changing of AF(§1(t) with respect to time ¢
in the whole GA’s evolution.

the first part OAF /01 describes partial differentiation
of AF with respect to d1p, implying steepest descending
direction of AF in the space of d2; the second part d1)
describes the difference between the moving speed of the
target object and the evolution speed of the best gene of
GA, by the definition in (6).

Equation (11) shows the invariant set of the solutions
of AF(5%(t)) = 0 includes (1): P;, the solution set of
OAF /061 = 0; (2): P, the solution set of (5'[b = 0;
and (3): Ps, the solution set satisfying OAF/9d1 # 0,
1) # 0, but their inner product is 0.

As shown in Fig. 6, P; includes the points of Ji that
give the local maximum or minimum values of the func-
tion AF including 0. The number of these points is finite
by [Assumption 1] denoted by p, that is

Py ={0,6%y,09,, 75¢p71}' (12)

Concerning (1), the evolving process of GA may stay tem-
porarily at the same A F value. If the target object is static,
it means the best gene of GA stops at some moments for
the reason that the limited individuals of GA could not im-
prove a current solution that gives a smaller fitness func-
tion value AF' during some generations. And when the
target object is moving, (5¢ = 0 means at these moments
that the evolution speed of the best gene of GA is equal to
the moving speed of the target object, by (6). The number
of these points is assumed to be possibly finite, denoted by
q. Thus, we describe the set of P, as

Py, =10, a1, 0%ga, - 5¢G(q71)}' (13)

Notice that there is another solution set of dt¢: P3. In
this case, the vector of OAF /961 is vertical to the vector
of &) since the calculation (AF/d4p) - dap in (11) means
inner cross product, which means GA evolves in the di-
rection that keeps a same fitness function value AF'. This

GA’s evolution way is forbidden in this research for the
GA work rule (c) that we have stated above. Then, Ps is
null. So the invariant set that d2)(t) asymptotically con-
verges to is

P= P1UP2. (14)

Here, 64y, 64y, - -+ ,0%,,_; in Py are all unstable since
SF(6v;) > 0(i = 1,2,--- ,p—1), and only §¢p = 0
is stable from [Assumption 1], since when ¢ — oo there
should always remain the possibility to get out of local
maximum/minimum of §p; - -- 0%, _; And all the points
in P except the point O are unstable because GA has pos-
sibility to get out of these points by its evolving nature.
Therefore, O is the only stable point in the invariant set of
P, that is, %) (t) will finally converges to 0. The image of
the changing of AF(§1(t)) with respect to time ¢ in the
whole GA’s evolution is shown in Fig.7.

The above verification shows d1)(t)—0, which means

GA
’ltbmax (t)
Let t. denotes a convergence time, then

‘61/"(75)‘ = |¢max (t) -

In (16), € is tolerable extent that can be considered as a
observing error. Thus, it is possible to realize real-time
optimization, because w,Gn‘;lw (t) can be assumed to be in
the vicinity of the theoretically optimal v,,,..(¢) after t..

Above discussion is under the condition of continuous
time. Here, when we consider evolution time of each gen-
eration of GA denoted by At. The GA’s evolving process
is described as

—Pina(t), (t—00) (15)

Prnaz (1) <6,

max

(e>0,t>t) (16)

Pl (1) N It + AL, a7

Obviously, this time-discrete evolution with the interval of
time At may enlarge the recognition error d1)(¢). Should
this undesirable influence of At be considered, the tolera-
ble pose error € will expand to ¢’ as,

6 (t)|<€, (¢ >e>0). (18)

Since the GA process to recognize the target’s pose at
the current time is executed at least one time with the pe-
riod of At as the current quasi-optimal pose %52 (t) is
output synchronously, we named this on-line recognition
method as “ 1-step GA”. We have confirmed that the above
real-time optimization problem could be solved by “I1-step
GA” through several experiments to recognize swimming

fish 7, human face *) and rectangular solid block ®).

3 Hand & Eye Visual Servoing
3.1 Experiment circumstance

The Mitsubishi PA-10 robot arm is a 7-DoF robot arm
manufactured by Mitsubishi Heavy Industries, as shown
in Fig. 8 (a). Two rotatable cameras with two pan an-
gles and one sharing tilt angle mounted on the end-effector
are FCB-1X11A manufactured by Sony Industries (Fig.
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Fig. 8: Sketch map of the eye-vergence system

8 (b)). The frame frequency of stereo cameras is set as
33fps. The image processing board, CT-3001, receiving
the image from the CCD camera is connected to the DELL
WORKSTATION PWS650 (CPU: Xeon, 2.00 GHz) host
computer.

3.2 Desired-trajectory generation

As shown in Fig. 9, the world coordinate frame is de-
noted by Xy, the target coordinate frame is denoted by
>, and the desired and actual end-effector coordinate
frame is denoted by X g4, X separately. The desired
relative relation between the target and the end-effector
is given by Homogeneous Transformation as 9T, the
relation between the target and the actual end-effector is
given by PT'),, then the difference between the desired
end-effector pose X g4 and the actual end-effector pose X g
is denoted as T g, T 14 can be decribed by:

ETpa(t) = ETy@)PT) (1) (19)
(19) is a general deduction that satisfies arbitrary object
motion "'T'5/(t) and arbitrary visual servoing objective
Bd,,(t). However, the relation “Ty/(t) is only ob-
served by cameras using the on-line model-based recog-
nition method and 1-step GA ¥, 9). Let © xr denote the
detected object, there always exist an error between the
actual object Xp; and the detected one X ;. So in visual
servoing, (19) will be rewritten based on X ; that includes
the error Ty, as

PTpa(t) = PT )T (1), (20)
where #T';;, = T, determined by the given visual ser-
voing objective. Differentiating (20) with respect to time
yields

BT pa(t) = BT ¢ ()M T pa(t) + 2T 1, ()T a(t),
(21)

Is le Iz Ig,

Actual

Cameré\
YE

Actual —
End /
Effector

Desired

Fig. 9: Motion of the end-effector and object

Differentiating Eq. (21) with respect to time again
PTpa(t) = PT 5 ()M T pa(t) + 25T ()M T pa(t)+
ET ()M Tra(t), (22)

Where MT y, M T g, M T Eq are given as the desired vi-
sual servoing objective. ETM, ETM, ETM can be ob-
served by cameras. As shown in Fig. 9, there are two
errors that we have to decrease to 0 in the visual servoing
process. First one is the error between the actual object
and the detected one M T xr» and the other is the error be-
tween the desired end-effector and the actual one PT .
In our research, the error of ¥ T xr 18 decreased by on-
line recognition method of 1-step GA, MFF compensation
method and the eye-vergence camera system, and the er-
ror of ET g4 can be decreased by the hand visual servoing
controller.

3.3 Hand & Eye Visual Servoing Controller

The block diagram of our proposed hand & eye-
vergence visual servoing controller is shown in Fig. 4.
The hand-visual servoing is the outer loop. A detailed
block diagram of hand visual servoing control is depicted
in Fig.10. Based on the above analysis of the desired-
trajectory generation, the desired hand velocity "7, is
calculated as,

Wie=Kp"Vrpps+ Kv," 7E pa, (23)

where WrE, 5d, VP E,Ed are given by transforming

ET g and ETEd from ¥g to Y. Kp, and Ky, are
positive definite matrix to determine PD gain.
The desired hand angular velocity W w, is calculated as,

Wws=KpVRpFAe + Ky, wp pa, (24)
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Fig. 11: Calculation of tilt and pan angles

where ¥ Ae is the quaternion error that from the recog-
nition result directly, and Ww E,Ed can be calculated by
transforming ET pq and ETEd from X g to Xy. Also,
K p, and K, are suitable feedback matrix gains.

The desired joint variable g, is obtained by

W.
4,=J"(q) { W ] : (25)

where J*(q) is the pseudo inverse matrix of J(q), and
J(q) = J¥(JJT)~1. The hardware control system of

the velocity-based servo system of PA10 is expressed as

t
7= Ksp(dy—q) + Ksr / (Gu—a@)dt  (26)
0

where K gp and K g; are symmetric positive definite ma-
trix to determine PI gain.

The eye-vergence visual servoing is the inner loop of the
visual servoing system shown in Fig. 4. In this paper, we
use two pan-tilt cameras for eye-vergence visual servoing.
Here, the positions of cameras are supposed to be fixed on
the end-effector. For camera system, gs is tilt angle, g9 and
q10 are pan angles, and gg is common for both cameras. As
it is shown in Fig. 11, Fa o, Py, Pz, express position
of the detected object in the end-effector coordinate. The
desired angle of the camera joints are calculated by:

sd = atanQ(EzM, EJ:M) 27
goa = atan2(lsp + EyM, ExM) (28)
qroa = atan2(—lsy + EyM, EJ:M) (29)

where lg;, = lsg = 120[mm)] that is the camera location.
We set the center line of the camera as the = axis of each
camera coordinate. Then the controller of eye-visual ser-
voing is given by

ds = Kp, (g3 — ¢3) + Kp,(dsa —4s),  (30)
do = Kp.(q9q — q9) + Kp(Goa — o),  (31)
d10 = K p,(g194 — ¢10) + Kb (¢10a — G10)-  (32)

where Kp,., Kp,, Kp., K p_ are positive control gain.

4 experiment of hand & eye-vergence visual
servoing

To verify the effectiveness of the proposed hand & eye
visual servoing system, we conduct the experiment of vi-
sual servoing to a 3D marker that is composed of a red
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ball, a green ball and a blue ball as Fig. 12. The radiuses
of these three balls are set as 30[mm].
4.1 experiment condition

The initial hand pose is defined as ¥, while the ini-
tial object pose is defined as Xjy,, and the homogeneous
transformation matrix from Xy to Xy, is:

0 0 —1 —1410[mm]
w |1 0 o0 0[mm]
To=149 _1 o 355[mm)] (33)
0 0 0 1

The target object move according to the following time
function

[0, yr (£), 0,0,0, 00
—200 sin(wt) [mm]

Mogpy, =
Moyy(t) =

(34)
(35)

here, w is the angular velocity of the motion of the object.
The relation between the object and the desired end-
effector is set as:

Blappy = [800[mm],0,0,0,0,0] (36)

Here, to compare the trackability of the eye-vergence
system and fixed camera system, we define a concept of
gazing point. As it is shown in Fig. 13 the intersection of
the gazing line of right camera and the yas,-2as, plane is
defined as the gazing point. The relative relation between

Ym, and X g is given by Homogeneous Transformation
as MoT Mo, conclude the rotation matrix M° R and
the position vector Mo Pr. and the rotation matrix MoRp
can be written as [Mozp, Moy, Moz o] The direction of
Mol in Fig. 13 is same to the direction of 2, and Mol
can be expressed as:

Molp ="pp + ke ar (37)
here kr is a scalar variable. The gazing point of
the right camera expressed in X, is Mop,p =
[0, Moyar, Mozqr]T. For Mol = Mop - in x direction,
(Mopp)e +kr(Moxg), = 0. And usually (Mozg), # 0,
kr can be calculated by kg = —(Mopg),/(MoxR),, and
the y, z coordinate of the gazing point in 3, can be cal-
cated by:

M, Mo,

(38)
(39)

yar = (Mpr)y + kr(MwR),

Mozor = Mppr). + kr(Mzg),

The target object’s motion is given by (34), (35), because
the motion of the target object M is parallel to the y,, , we
take Moy/(t) as the input, and the gazing point of the right
camera Moy (t) as the response. And define the concept
of trackability by the frequency response of Moy r(t), the
trackability of the left camera can be defined in the same
way.

4.2 Experiment Results

In Fig. 14, we show the result of our experiment, we
change the w in (34) from 0.01 to 1.256 and get the data
of the gazing point of the cameras of eye-vergence sys-
tem and the gazing point of the end-effector of the fixed
camera system seperately, we do the experiment 10 times
at every w we selected, and use the average delay time
and the amplitude to draw the frequence response curve.
The amplitude-frequence curve and the delay frequency
curve are shown in Fig.14 (a) and Fig.14 (b). Here, for
the fixed camera A = Moy, (t), B = Moygp(t). For
the right camera of Eye-Vergence system A = Moy, (t),
B = Moyqp(t), for the left camera A = Moy, (¢),
B = Moyqp(t). In this two figures the abscissa axes
are w. In (a), (b), we sign the angular velocity when
w = 0.314,0.628, 1.256, and show the position of the gaz-
ing point of the cameras in eye-vergence experiment and
the position of the gazing point of the end-effector in fixed
camera experiment in (c), (d), (e). From (a), (b) we can see
that the fixed-camera system cannot track the target object
when w is faster than 0.628 so in (e), there is only the data
of the cameras and the target object. From Fig. 14 (a)
we can see the data of the cameras and the end-effector all
become smaller as w increases but the curve of the fixed
camera system is always below the curves of the cameras,
which means that delay of the fixed camera system is big-
ger than the eye-vergence system, from (b) the the curve
of the fixed camera system is also below the curves of the
cameras, we can see that the amplitude of the eye-vergence
system is more closed to the target object than the fixed
camera system, so from (a) and (b) we can get the conclu-
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Fig. 14: Comparison of Cameras’ and End-effector’s Trackabilities by Frequency Response

sion that the eye-vergence system has the better trackabil-
ity than the fixed-camera system. To be understood easily,
we show the position of the gazing point of the cameras
in eye-vergence experiment and the position of the gaz-
ing point of the end-effector in fixed camera experiment
in (c), (d), (e). and Mog,(0) = —200[mm /s], while the
target object moved from static, so it cannot move stably
at first, we use the data when the target object’s motion
became stable. From the figures it is also easily to see that
comparing with the fixed camera system, the eye-vergence
system can track the target object better.

5 Conclusion

In this paper, we put forward a new concept to evaluate
the observation ability on a moving object of visual servo-
ing system, and introduce the importance of it. Then we
introduce the recognition method using “I-step GA” and
our eye-vergence system. To check the trackability of eye-
vergence visual servoing system, we did some experiments
of eye-vergence system and fixed camera system sepa-
rately. In the experiments we compared the amplitude-
frequency and phase-frequency curves of the gazing point
of the cameras of the eye-vergence system and the fixed
camera system by moving object in different angular ve-
locities, and get the conclusion that the trackability and
stability of the eye-vergence system is better than that of
the fixed-camera system by analyze the experiment data.
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Multiple Chaos Generation and Its Examination by
Neural-Network-Differential-Equation for Intelligence Fish-Catching

«Y. Ito, T. Tomono, M. Minami and A. Yanou (Okayama University)

Abstract— To make fish-catching robot intelligent more than fishes, we thought something that goes beyond
the fishes’ adapting intelligence would be required. Here we propose a chaos-generator comprising Neural-
Network-Differential-Equation (NNDE) and an evolving mechanism to generate plural differential equations
as many as possible that can yield different kind of chaos. We believe that the fish could not be adaptive to
escape from chasing net with chaotic motion. In this paper we introduce chaos-generating system by NNDE
and explore a relation between Lyapunov number and chaos generated by a variety of NNDE ’ s coefficient.
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Generation of landmine concept among multiple complex-valued SOMs
integrating multimodal information

xA. Ejiri and A. Hirose (University of Tokyo)

Abstract— We generate concepts with integration of multimodal information.There have been many reports
on concept generation in various fields such as linguistics and robotics. We propose a concept generation
method using multiple self-organizing maps (SOMs) for a landmine visualization system where we integrate
two modal information (space- and frequency- domain texture) by considering their mutual information. We
also propose the use of similarity indices, instead of the mutual information, to reduce the calculation cost.

Key Words: Complex-valued SOM, integration of mutimodal information
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Adaptive millimeter-wave imaging system based on phase-sensitive neural networks

* S.0Onojima and A.Hirose (The University of Tokyo)

Abstract—

We construct an adaptive millimeter-wave security imaging system that can visualize objects concealed

under jackets or bags of passengers walking at Shinkansen and general railway gates. We aim to solve the following two
problems in the conventional millimeter-wave systems: (1)measurement time too longto observe walking persons and
(2)privacy invasion caused by the see-through nature of millimeter-wave. We develop an array antenna integrated with
envelope-phase detecting (EPD) front-end circuit. We also employ our complex-valued self-organizing map (CSOM) that
realizes automatic visualization of objects even for a low spatial-resolution data free of the privacy problem.
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An Automatic Music Transcription Based on Complex Nonnegative Matrix
Factorization and Sound Path Estimation

*R. Tkeuchi and K. Ikeda (Nara Institute of Science and Technology)

Abstract— An automatic music transcription method is proposed that assumes a generative model for music
sounds. The model takes into account the translation of spectrum for an instrument, and the sound path
from the instrument to a microphone. The fundamental frequency (note), the spectrum of the instrument
(basis pattern) and the sound path are estimated simultaneously using an extended complex nonnegative
matrix factorization. The effectiveness of the proposed method is confirmed by computer simulations.

Key Words: Music transcription, Nonnegative matrix factorization
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Complex-valued Associative Memory with Strong Bias Terms

«M. Kitahara and M. Kobayashi (University of Yamanashi)

Abstract— Complex-valued Associative Memory (CAM) is an extension model of Hopfield Associative
Memory, and has complex-valued neurons and connection weights. So CAM can treat multi-state patterns,
it is often used for operating gray-scale patterns. When CAM takes K states, it stores K-1 spurious patterns,
called rotated patterns, for every learning pattern. The rotated patterns cause decrease in noise robustness.
In this paper, we’ll propose a model which is CAM with bias terms. By using the bias terms, we can expect
to improve noise robustness of CAM. We confirmed the effectiveness by computer simulations.

Key Words: Associative memory, Complex-valued neural networks
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Chaotic Complex-valued Multidirectional Associative Memory
with Variable Scaling Factor

A. Akio and *Y. Osana (Tokyo University of Technology)

Abstract— In this paper, we propose a Chaotic Complex-valued Multidirectional Associative Memory
with variable scale factor which can realize one-to-many associations of M-tuple multi-valued patterns. The
proposed model is based on the Multidirectional Associative Memory, and is composed of complex-valued
neurons and chaotic complex-valued neurons. In the proposed model, associations of multi-valued patterns
are realized by using complex-valued neurons, and one-to-many associations are realized by using chaotic
complex-valued neurons. Moreover, in the proposed model, the appropriate parameters of chaotic complex-
valued neurons can be determined easily than in the original Chaotic Complex-valued Multidirectional As-
sociative Memory. We carried out a series of computer experiments and confirmed that the proposed model
has superior one-to-many association ability than that of the conventional model.

Key Words: One-to-many association, Chaotic complex-valued multidirectional associative memory, Scal-

ing factor of refractoriness
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Search Space and Search Method for Complex-Valued Multilayer Perceptron

% S. Suzumura and R. Nakano (Chubu University)

Abstract— A complex-valued MLP (multilayer perceptron) is expected to have greater potential than
a real-valued MLP. The search space of complex-valued MLP seems to be in quite extraordinary shape
full of crevasses having huge condition numbers for Hessians. In such extraordinary search space any
ordinary method will not work. We propose a new search method for complex-valued MLP to find an
excellent solution in such abnormal seach space. Our experiments using 8-bit parity problem and an
unbounded function evaluate the proposed method and the role of an activation function.

Key Words: Complex-valued MLP, Search space, Search method, Hessian matrix, Condition number
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Solution of Inverse Problems by Complex-Valued Network Inversion with Regularization
* K. Nakamura and T. Ogawa (Takushoku University)

Abstract— Complex-valued network inversion is a solution for inverse problems using a complex-valued
multilayer neural network. In complex-valued network inversion, the complex input is estimated from the pro-
vided complex output using a trained network. In general, there is a problem attributable to the ill-posedness on
the inverse problems. Regularization imposes specific conditions on an ill-posed inverse problem to convert it
into a well-posed problem. In this study, the effect of the regularization for complex-valued network inversion
is examined by the ill-posed inverse problems. We examine the inverse estimation of the complex mapping and

the distributed generation.
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Table 1 Network parameters for the simulation of
inverse complex mapping problem.

Number of input neurons 1
Number of hidden neurons 10
Number of output neurons 1

Training rate & 0.01

Input correcting rate & 0.01

Max. number of training epoch 10000

Max. number of estimating epoch 10000

Training error to be attained 0.001

Estimation error to be attained 0.001
Im. 0.8

-08 -06 -04 -02 0.2 0.4 0.6 0.8
Re.

0.8
Fig.3 Estimated result of inverse mapping with regulari-
zation toward positive direction of imaginary axis.
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Fig.4 Estimated result of inverse mapping with regulari-
zation toward negative direction of imaginary axis.
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Fig. 5 Distributed generation circuit model for simulation,
which has two power sources and an output.

Table 2.  Network parameters for the simulation of in-
verse estimation of distributed generation

Numberof input neurons 2
Number of hidden neurons 10
Number of output neurons 2

Training rate & 0.0001

Input correcting rate & 0.0001
Max. number of training epoch 10000
Max. number of estimating epoch 10000
Training error to be attained 0.0001
Estimation error to be attained 0.0001
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Fig. 6. Estimated results of the power supplies (a) VG1 and

(b) VG2 without regularization.
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Qubit-Inspired Genetic Algorithm and Its Performance

* N. Muramoto, T. Isokawa and N. Matsui (University of Hyogo)

Abstract—Qubit-inspired Genetic Algorithm (QGA) is an extension of genetic algorithm in which quantum
mechanics and its representations are introduced. It has been shown that this scheme has better performances

than the classical ones in several problems, but this has not yet been applied to more practical problems. In this

paper, a chromosome in QGA is concretized as a series of quantum-bit (qubit) described by its complex-valued

representation, and phase-rotation gates are embedded into the selection process over generations. We show the
diversity of individuals in a population for this QGA by solving N-K landscape problem, Knapsack Problem
and Maximum Search. We also show the performance of QGA by applying the positioning problem in 2D fig-

ures.

Key Words:

Qubit-inspired, Genetic Algorithm, Complex-valued representation, Knapsack problem, Maxi-

mum Search, N-K landscape problem, Positioning problem
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begin
<0
initialize Q(¢)
while (~<Max_Generation) do
begin
make P(¢) by observing Q(f) states
evaluate P(f)
store the best solution b among P(?)
update O(?)
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end
end

Fig.2 Procedure of QGA
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Table 2 Fitness for N-K landscape problem

fitness
n-k GA QGA
min max average min max average
100-2 94 99 96.9 89 95 91.9
100-6 87 95 91 89 98 94.4
100-10 80 86 83.6 83 87 85.3
100-14 76 84 79.4 79 85 83.5
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Table 3  Profit values for KP(10 trials)

. profit
f
numbe(r T\«I)) items GA QGA
min max average min max average
100 33775 35205 34606 38865 38958 38926
200 63195 71114 67031 79526 79725 79614
300 93291 105347 98768 121521 122960 122270
400 121978 132236 126400 155771 158088 156589
500 146609 163110 155831 193882 197631 196043
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